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Abstract
This paper provides new, relatively simple proofs of some important
results about unipotent classes in simple linear algebraic groups. We
derive the formula for the Jordan blocks of the Richardson class of
a parabolic subgroup of a classical group. This result was originally
due to Spaltenstein. Secondly, we derive, for good characteristic, the
description of the natural partial order of unipotent classes of a classical
group in terms of their Jordan blocks. This result was originally due to
Gerstenhaber and Hesselink. As a consequence we obtain a proof of the
Bala-Carter Theorem which holds even in certain bad characteristics
(this proof requires the prior classification of unipotent classes, unlike
the original proofs due to Bala, Carter and Pommerening).
Keywords: classical groups, unipotent classes, Richardson classes,
partial order of unipotent classes, Jordan blocks, Bala-Carter Theorem.
1 Introduction
Let G be a connected reductive linear algebraic group. Richardson [14] made
a vital contribution to the study of unipotent classes in algebraic groups by
associating to each parabolic subgroup of G a unipotent class of G. This
result has had surprisingly powerful implications, some of which we will
discuss below. The following theorem is one version of Richardson’s result
(see also [4] or [19] for other proofs).
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Richardson’s Theorem. Let G be a connected reductive group, P a para-
bolic subgroup with unipotent radical Q and Levi factor L. The following
hold:
(i) There exists a unique unipotent G-class C such that C∩Q is open and
dense in Q.
(ii) C ∩Q forms a single P -class.
(iii) If u ∈ C ∩ Q then CG(u)
◦ = CP (u)
◦, whence these centralizers have
dimension dimL.
(iv) Let Z be the center of G, let Q′ be the derived subgroup of Q. Then
dimL/Z ≥ dimQ/Q′.
Spaltenstein [17] studies generalizations of this result to the case where
G is non-connected. We will always have G connected except when G = Øn.
We call C theRichardson class of P and we call C∩Q theRichardson
orbit in Q.
For many questions it is of fundamental importance to be able to find
the Jordan blocks of a unipotent class. The next result indicates how to do
this for Richardson classes, but first we introduce some standard notation.
A partition of n is a sequence of natural numbers which add to n; we as-
sume that the sequence is weakly decreasing unless indicated otherwise. We
write a partition λ as (λ1, λ2, . . . ) or (λ1 ≥ λ2 ≥ . . . ) or (1
c(1), 2c(2), 3c(3), . . . )
where c(x) is the multiplicity of x in λ. We call λi a part of λ. The dual
of λ is a partition of n which we write as λ∗ and which has parts defined as
follows: λ∗i equals the number of parts of λ which are greater than or equal
to i (i.e. λ∗i equals the number of indices j such that λj ≥ i).
Let G ∈ {SO2n,SO2n+1,Sp2n}. We fix a root base ∆ for G and label
the nodes {α1, . . . , αn} as in [3]. Given a parabolic subgroup P let J ⊆ ∆
such that P is conjugate to the standard parabolic associated with J . If
αn ∈ J then let m be the largest integer such that such that the last m
nodes αn−m+1, . . . , αn are contained in J . Then the Levi factor L of P can
be written as L = GLn1 . . .GLns Clm where Clm ∈ {SO2m,SO2m+1,Sp2m}.
We extend this notation also to the cases αn 6∈ J and to G = GLn by
taking Clm = 1 and m = 0. In this way each parabolic subgroup of GLn,
SO2n, SO2n+1, Sp2n determines a partition n = n1 + · · · + ns + m. We
call this the Levi partition and write it either as Λ = (n1, . . . , ns)⊕m or
Λ = (1c(1), 2c(2), . . . )⊕m where c(x) is the multiplicity of the part x in the
ni and the notation “⊕” indicates that we have an ordered pair consisting
of the partition (n1, . . . , ns) and the number m.
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Table 1: Jordan blocks of a Richardson class
G = GLn, ψ is the identity
G = SO2n, p 6= 2
ψ(m) = 2m
ψ(jc(j)) = j2c(j) if j is even or j ≤ 2m
ψ(jc(j)) = j + 1, j2c(j)−2, j − 1 if j is odd and j > 2m
G = SO2n, p = 2
ψ(m) = 2m
ψ(jc(j)) = j2c(j) if j is even
ψ(jc(j)) = j + 1, j2c(j)−2, j − 1 if j is odd and j ≤ 2m
ψ(jc(j)) = j + 1, j − 1 if j is odd, j > 2m and c(j) = 1
ψ(jc(j)) = (j + 1)2, j2c(j)−4, (j − 1)2 if j is odd, j > 2m and c(j) ≥ 2
G = SO2n+1, p 6= 2
ψ(m) = 2m+ 1
ψ(jc(j)) = j2c(j) if j is odd and j > 2m+ 1
ψ(jc(j)) = j2c(j) if j ≤ 2m+ 1
ψ(jc(j)) = j + 1, j2c(j)−2, j − 1 if j is even and j > 2m+ 1
G = Sp2n
ψ(m) = 2m
ψ(jc(j)) = j2c(j) if j is even or j ≥ 2m
ψ(jc(j)) = j + 1, j2c(j)−2, j − 1 if j is odd and j < 2m
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Theorem 1 ([17, II.7.4]). Let G be one of GLn, SO2n, SO2n+1, Sp2n and
exclude the case SO2n+1 if p = 2. Let P be a parabolic subgroup of G, let Λ
be the Levi partition of P , define the map ψ as in table 1, and let λ be the
partition of Jordan block sizes of the Richardson class of P . Then λ equals
ψ(Λ)∗, the dual of ψ(Λ).
Remarks 1.1. (a) It is easy to extend this result to the case of G = SO2n+1
and p = 2. One applies the formula for Sp2n using the same Levi partition
and adds one block of size 1 to the result. (b) Spaltenstein’s formulas appear
rather different from those presented here (and have some minor mistakes).
(Spaltenstein also determines the index ε in his notation or, equivalently,
the singularity of the parts of λ. See [5] for a discussion of this notation.)
Let C1 and C2 be two unipotent classes of G. We define C1 ≤ C2 if and
only if C1 ⊆ C2 (where C2 is the closure of C2). This is the natural partial
order on unipotent classes.
Let λ = (λ1, λ2, . . . ) and µ = (µ1, µ2, . . . ) be two partitions. We define
λ ≤ µ if and only if for all j ≥ 1 we have
∑j
i=1 λi ≤
∑j
i=1 µi. This is the
dominance partial order on partitions.
Theorem 2 ([7], [6], [17, I.2.10]). Let G ∈ {GLn,Øn,SOn,Spn}. Let Cλ
and Cµ be two unipotent classes in G with λ and µ the partitions consisting
of the Jordan blocks of Cλ and Cµ respectively. Assume either that p 6= 2 if
G 6= GLn or that µ has no even parts with even multiplicity. Then λ < µ if
and only if Cλ < Cµ.
Spaltenstein [17, I.2.10] generalizes this result to all unipotent classes in
bad characteristics, but we will not discuss his generalization here.
We now introduce the necessary terminology to state the Bala-Carter
Theorem which gives a parameterization of unipotent classes in simple al-
gebraic groups.
Let G be a connected reductive algebraic group with root system Φ and
root base ∆. Fix J ⊆ ∆ and let P be the standard parabolic subgroup
corresponding to J . Let β ∈ Φ and write β =
∑
α∈∆ nα α. The P -height is
defined to be htP (β) =
∑
α∈∆−J nα.
Let L be a Levi factor for P , Q the unipotent radical of P , and Φ(Q) the
roots of Q. We say P is distinguished if dimL/Z(G) equals the number
of roots in Φ(Q) with P -height equal to 1.
IfQ′ is the derived subgroup ofQ then Richardson’s Theorem (iv) implies
that dimL/Z(G) ≥ dimQ/Q′ for all P . If P is distinguished then
dimL/Z(G) = dimQ/Q′ (∗).
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The converse holds provided p 6= 2 if the Dynkin diagram of G contains
double bonds, and p 6= 3 if the Dynkin diagram of G contains triple bonds
(see [2] or [1]).
The work in [2], [4] etc. takes condition (∗) as the definition of distin-
guished, but then applies this definition only with the restrictions on p just
described. Thus, the definition we have given here takes the usual list of
distinguished parabolics and uses this same list even when p equals 2 or 3.
We refer the reader to [4] for a list of the distinguished parabolics (note
however that there is a mistake in the second formula for Dn).
Throughout this paper, a Levi subgroup means a Levi factor of a
parabolic subgroup. Let L be a Levi subgroup of G and u ∈ L a unipotent
element. Then u is distinguished in L if u is not contained in any proper
Levi subgroup of L. If L = G has trivial center this is equivalent to having
CG(u) contain no non-trivial torus (see Lemma 5.1 below).
For a reductive group G let BC-pairs(G) denote the pairs (L,P ) where L
is a Levi subgroup and P is a distinguished parabolic subgroup of L. Let ψ
(or ψG) denote the map from such pairs to unipotent classes in G obtained
by extending the Richardson class of P (in L) to a G-class.
Theorem 3 (Bala-Carter [2], Pommerening [13]). Let G be a simple
algebraic group and let ψ = ψG be as just defined. The following hold:
(i) If X is a Levi subgroup the following diagram commutes:
X-classes in BC-pairs(X)
ψX
−−−→ unipotent classes in X
↓ ◦ ↓
G-classes in BC-pairs(G)
ψ
−−−→ uniptotent classes in G
where the vertical maps extend an X-class to the corresponding G-
class.
(ii) Let ψ(L,P ) = C and u ∈ C ∩ L. Then u is distinguished in L.
(iii) The map ψ is injective. It is a bijection except in the following cases:
G ∈ {Bn, Cn,Dn} and p = 2; (G, p) is one of (E7, 2), (E8, 2), (E8, 3),
(F4, 2) or (G2, 3) in which cases there are 1, 4, 1, 4 and 1 extra classes
respectively.
Remarks 1.2. Although part (i) is obvious, we state it here to bring at-
tention to some of the following points. (a) Part (i) makes the Bala-Carter
Theorem more useful than Jordan blocks for comparing unipotent classes in
X and unipotent classes in G. For example, let G = E6, X = D5T1 and
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let C be the unipotent class of X which has two Jordan blocks of size 5 in
the natural module for SO10. The Jordan blocks do not make it clear which
class C corresponds to in G. However, the Bala-Carter label for C is A4
(i.e. C is represented by a regular element of a Levi subgroup of type A4)
both as a class of X and when it is extended to a class of G. (b) If X is
a maximal rank reductive subgroup which is not a Levi subgroup, one may
often still obtain a commutative diagram similar to that in part (i). For
instance let G = E6, X = A2A2A2 and (L,P ) ∈ BC-pairs(X) where L is
a proper Levi subgroup of X. Then (L,P ) ∈ BC-pairs(G) and the same
result is obtained if one first extends (L,P ) to a G-class and then takes
the unipotent G-class, or if one first takes the unipotent X-class and then
extends this to a G-class. (c) Parts (i) and (iii) show that in most cases
the intersection of a unipotent G-class with a Levi subgroup forms a single
unipotent class for the Levi subgroup. If this is not the case then G = Er,
L is of type Dn and the unipotent class is of type An−1. (d) Part (iii) is
a stronger version of the Bala-Carter-Pommerening Theorem than usually
appears (as in the references above or [4], [8]), although this version seems
to be known or assumed by specialists in the field (see, for example, [10]). In
addition, the proof given in this paper (see Proof 5.4) uses the classification
of unipotent classes for each simple algebraic group whereas the standard
proof (as in [4]) constructs the inverse of ψ (at the level of the Lie algebra)
and is independent of these classifications.
2 Recollections and Conventions
All algebraic groups in this paper are affine and defined over a fixed alge-
braically closed field of characteristic p ≥ 0.
The groups SO2n, SO2n+1 and Sp2n are defined in terms of a bilinear form
and a quadratic form which we will usually denote by β and ϕ respectively.
Let V be the natural module for one of these groups. A subspace W is
totally singular if ϕ
∣∣
W
is identically zero (which implies that β
∣∣
W×W
also
equals zero); it is nonsingular if β
∣∣
W
has trivial radical. If G = GLn we
consider each subspace of its natural module to be totally singular. If W is
a nonsingular subspace then Cl(W ) denotes the classical group of the same
type as G defined on W .
Let G be a classical group with natural module V . A flag is a sequence
of nested subspaces. Let f be the flag W0 ≤ W1 ≤ · · · ≤ Wℓ = V . Then
f has length ℓ and is totally singular if for each i either Wi is totally
singular or Wi = W
⊥ for some totally singular subspace W ≤ V (if V is
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nonsingular this is equivalent to requiring that either Wi or W
⊥
i be totally
singular). A subgroup of G is parabolic if and only if it is the stabilizer of
a totally singular flag. Let L = GLn1 . . .GLns Clm be the Levi factor of a
parabolic subgroup P . We say a flag f of length ℓ is a natural flag for P
if the following hold: f is totally singular, P is the stabilizer of f , ℓ = s if
G = GLn, ℓ = 2s if m = 0 and G ∈ {SO2n,Sp2n}, and ℓ = 2s+1 if m ≥ 1 or
G = SO2n+1. The unipotent radical of a parabolic equals the set of elements
which act trivially upon each factor in a natural flag.
In the classical groups the unipotent classes are described using parti-
tions. We will mention only a few facts here and refer the reader to [4] or
[5] for more complete information. Let G be one of GLn, Øn, SOn, Spn, let
C be a unipotent class of G and let λ be the partition of n consisting of the
Jordan block sizes of C.
The parity conditions on λ refer to the following requirements: if G ∈
{Øn,SOn} and p 6= 2 then each even part of λ must have even multiplicity;
if G = Spn or G ∈ {Øn,SOn} and p = 2 then each odd part of λ must have
even multiplicity; if G = SOn with n even then λ must have an even number
of parts.
If G ∈ {Øn,Spn} and λ has no even parts with even multiplicity then
all unipotent elements with Jordan blocks equal to λ form a single G-class.
This is generally not the case if G 6= GLn and p = 2.
If u ∈ C we say a part x of λ is nonsingular if there exists a Jordan chain
of u (i.e. a sequence of vectors (vi)
x
i=0 such that v0 = 0 and (u− 1)vi = vi−1
for all i ≥ 1) which generates an x-dimensional nonsingular subspace.
Lemma 2.1 ([5]). Let G be Øn, SOn or Spn, with natural module V , bilin-
ear form β, u ∈ G a unipotent element, λ the Jordan blocks of u, x a part
of λ and v1, . . . , vx a Jordan chain of u.
(i) The subspace 〈v1, . . . , vx〉 is nonsingular if and only if β(vi, vj) 6= 0
for some or, equivalently, for all i, j > 0 with i + j = x + 1. If V is
nonsingular and x has multiplicity 1 then the subspace 〈v1, . . . , vx〉 is
nonsingular.
(ii) If G equals Øn or SOn and p 6= 2 then x is nonsingular if and only if
x is odd. If G = Spn and p 6= 2 then x is nonsingular if and only if x
is even. In any case, if x 6= 1 and the multiplicity of x is odd then x
is nonsingular.
Remarks 2.2. (a) A stronger statement than given here is possible. In
particular, keeping track of information about singularity of partitions is
enough to parameterize the unipotent classes of Øn and Spn in characteristic
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2. (b) Spaltenstein [17, I.2.8] gives the following expression (using different
terminology) for the dimension of the centralizer of a unipotent element.
Suppose p = 2 and G equals Spn or SOn with n even.. Let u ∈ G be a
unipotent element and let u
C
∈ Spn(C) be a unipotent element with the
same Jordan blocks as u. Then dimCG(u) equals dimCSpn(C)
(u
C
) plus the
number of even, singular parts of λ.
If G is a reductive (not necessarily connected) group, a unipotent element
is regular if the dimension of its centralizer equals the rank of G. If G
is connected then the regular elements form a single unipotent class (see
[18] or [4]), which is the Richardson class of the Borel subgroups. If G is
not connected then the number of regular classes is at most the number of
connected components (see [17] for more on this and the connection with
Richardson classes).
Lemma 2.3. Let G be one of GLn, SO2n+1, SO2n, Sp2n or Ø2n and exclude
the case SO2n+1 with p = 2. Let λ be the Jordan blocks of a regular unipotent
class. If G = GLn then λ = n. If G = SO2n+1 then λ = 2n+1. If G = SO2n
then λ equals (2n−1, 1) or (2n−2, 2) according as p 6= 2 or p = 2 respectively.
If G = Sp2n then λ = 2n. If G = Ø2n and p = 2 then there are two regular
unipotent classes and these have Jordan blocks of sizes 2n and (2n − 2, 2).
In all cases all parts of λ are nonsingular.
Proof. This follows from an easy dimension calculation.
3 Proof of Theorems 1 and 2
For this section we use the following notation and assumptions (with three
explicit exceptions marked by the phrase “Contrary to our usual assump-
tions . . . ”). We assume throughout that G is one of GLn, SO2n+1, SO2n,
Sp2n and exclude the case SO2n+1 when p = 2. Let V be the natural
module for G and β the bilinear form on V if G 6= GLn. Let P be a
proper parabolic subgroup (we allow P = G in the statement of Theo-
rem 1, but if this holds there is nothing to prove). Let Q be the unipotent
radical of P and f = (0 = W0 < · · · < Wℓ = V ) a natural flag. Let
Λ = (n1, . . . , ns)⊕m = (1
c(1), 2c(2), . . . )⊕m be the Levi partition of P .
For any g ∈ Q we let λ(g) = (λ1(g), λ2(g), . . . ) be the partition of Jordan
blocks of g. We fix u ∈ Q which represents the Richardson orbit in Q. We
fix λ = (λ1, λ2, . . . ) = λ(u) and µ = ψ(Λ)
∗. We wish to prove that λ = µ.
Essentially the proof of Theorem 1 is inductive. We will produce the
largest one or two Jordan blocks of λ and show that they equal the largest
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one or two parts of µ and that they generate a nonsingular subspace Vr. We
will then look at the action of u on V/Vr and induct. See Remark 3.3 for
the main steps in this proof.
Theorem 2 is proven in Corollary 3.7.
Lemma 3.1. Let the notation be as described above.
(i) Contrary to our usual assumptions, let G ≤ GL(V ) be any algebraic
group, let Cλ and Cµ be any two unipotent classes of G with Jordan
blocks given by the partitions λ and µ respectively. If Cλ ≤ Cµ then
λ ≤ µ.
(ii) Let g ∈ Q and let Vr be a subspace formed by r Jordan blocks of g.
Then dimVr ≤
∑ℓ
i=1min{r,dimWi/Wi−1} with equality holding if and
only if dimVr∩Wj =
∑j
i=1min{r,dimWi/Wi−1} for all j ≥ 1. In par-
ticular, for all r ≥ 1 we have
∑r
i=1 λi ≤
∑ℓ
i=1min{r,dimWi/Wi−1}.
(iii) Let G ∈ {SO2n+1,SO2n,Sp2n}. If G = SO2n+1 let r = 1 and otherwise
let r = 2. If there exists g ∈ Q with (λ1(g), . . . , λr(g)) = (λ1, . . . , λr)
such that λ1(g), . . . , λr(g) are nonsingular as Jordan blocks of g then
λ1, . . . , λr are nonsingular as Jordan blocks of u.
Sketch of proof. Part (i). Let U be the variety of all unipotent elements inG.
It is easy to show that for each j, b ≥ 0 the subset {g ∈ U | dimker(g−1)j ≥
b} is closed in U . (One way to prove this is to use elementary character-
izations of rank in terms of determinants of minors of a matrix. Another
way is to use the upper semi-continuity of dimension applied to the endo-
morphism of U × V given by (g, v) 7→ (g, (g − 1)jv), see [17, III.8.1].) Let
uλ ∈ Cλ and uµ ∈ Cµ. Since Cλ ⊆ Cµ we have that uλ is contained in
any G-invariant, closed subset of U that contains uµ. Thus, for each j, one
has uλ ∈ {g ∈ U | dimker(g − 1)
j ≥ dimker(uµ − 1)
j}. Finally, note that
dimker(uλ − 1)
j =
∑j
i=1 λ
∗
i and dimker(uµ − 1)
j =
∑j
i=1 µ
∗
i .
Part (ii) is elementary linear algebra and induction together with the
fact that g acts trivially upon each factor Wi/Wi−1.
Part (iii) uses the following facts. Every P -invariant, nonempty, open
subset of Q contains u. Let X be any subset of V and for g ∈ Q define a
subspace Vg := 〈(g − 1)
iv | i ≥ 1, v ∈ X〉 ≤ V . Then the set of g ∈ Q such
that Vg is a nonsingular subspace is an open set. (Note that one can express
the fact that Vg is nonsingular via a determinant being nonzero.)
Lemma 3.2. If G ∈ {GLn,SO2n+1} let r = 1, otherwise let r = 2. If the
following hypotheses hold then λ = µ.
(i) (λ1, . . . , λr) ≤ (µ1, . . . , µr),
Jordan blocks and Bala–Carter 10
(ii)
∑ℓ
i=1min{r,dimWi/Wi−1} = µ1 + · · · + µr,
(iii) there exists g ∈ Q with (λ1(g), . . . , λr(g)) = (µ1, . . . , µr) and if G is
orthogonal or symplectic λ1(g), . . . , λr(g) are nonsingular as Jordan
block sizes of g.
Remark 3.3. The previous lemma abstracts the inductive step in showing
λ = µ. Essentially one can view Lemma 2.3 and Lemma 3.9 as the base
cases. Lemma 3.4 finishes the proof for the case G = GLn. For the remaining
groups Lemma 3.8 establishes part (i) and (ii) and Lemma 3.9 establishes
part (iii).
Proof. If G has rank 1 then P is a Borel subgroup and we are done by
Lemma 2.3. We assume now that Theorem 1 is true for classical groups
with natural module V ′ where dimV ′ < dimV .
Combining hypothesis (i) and Lemma 3.1(i) gives that (λ1(g), . . . , λr(g))
≤ (λ1, . . . , λr) ≤ (µ1, . . . , µr), whence we have equality by hypothesis
(iii). Let Vr be the space generated by r Jordan chains of u, of lengths
(λ1, . . . , λr) = (µ1, . . . , µr). If G is symplectic or orthogonal we apply
Lemma 3.1(iii) and assume that Vr is nonsingular. By hypothesis (ii) we
have dimVr = λ1 + · · · + λr = µ1 + · · ·+ µr =
∑ℓ
i=1min{r,dimWi/Wi−1}.
The inductive step will proceed as follows. Let X = Vr. We will produce
a u-stable decomposition V = X ⊕ Y . We will show that f induces flags in
X and Y which we will denote by f ∩X and f ∩Y such that Wi is the direct
sum of corresponding terms in f ∩X and f ∩ Y . We will then calculate the
Jordan blocks of the Richardson classes in Cl(X) and Cl(Y ) (these are the
classical groups defined on X and Y ) associated with f ∩X and f ∩ Y and
show that these equal λ(u
∣∣
X
) and λ(u
∣∣
Y
). The Jordan blocks of u
∣∣
X
are
(λ1, . . . , λr) = (µ1, . . . , µr) by construction (since X = Vr), and the blocks
of u
∣∣
Y
will be found by induction.
Let f ∩X denote the flag in X = Vr with terms given by Xi := X ∩Wi
for 1 ≤ i ≤ ℓ. We will construct below a space Y and a flag f ∩ Y with
terms Yi such that Wi = Xi ⊕ Yi for 1 ≤ i ≤ ℓ. When G equals Spn or SOn
the flags will be totally singular and in all cases u will act trivially upon the
factors in each flag.
Let G = GLn. Let Y1 be any direct complement of X1 in W1; this
is u-stable since u acts as 1 on W1. Let i ≥ 2 and suppose Yi−1 has been
constructed such thatWi−1 = Xi−1⊕Yi−1. Using the fact that Xi−1∩Yi−1 =
{0} it is easy to show that ker(u − 1)
∣∣
Xi
∩ ker(u − 1)
∣∣
Yi−1
= {0}. Then we
may choose a direct complement Z and a basis v1, v2, . . . , of another direct
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complement as indicated:
ker(u− 1)
∣∣
Wi
= ker(u− 1)
∣∣
Xi
⊕ ker(u− 1)
∣∣
Yi−1
⊕ Z
Yi−1 ∩ (u− 1)Wi = (u− 1)Yi−1 ⊕ 〈v1, v2, . . . 〉.
For each vj fix vˆj ∈Wi, a pre-image under u−1. Let Yi = Yi−1⊕〈vˆ1, vˆ2, . . . 〉⊕
Z. To check that this sum is direct, write 0 as the sum of an element in each
term, then apply u − 1 and use the definitions. It is now relatively easy to
show that Wi = Xi ⊕ Yi. Finally, we take Y = Yℓ.
If G 6= GLn let Y = V
⊥
r and Yi = Y ∩Wi for 1 ≤ i ≤ ℓ. The dimension
of Xi can be calculated using Lemma 3.1(ii) and dimYi is given by dimWi+
dim(W⊥i ∩ X) − dimX. Using dimension calculations one may show that
Wi = Xi ⊕ Yi for 1 ≤ i ≤ ℓ and that the flags are totally singular.
For J ∈ {X,Y } let Cl(J) be the classical group on J , let PJ be the
parabolic in Cl(J) corresponding to the flag f∩J and let QJ be the unipotent
radical of PJ . We may identify QXQY as a subgroup of Q. Let C denote the
Richardson orbit in Q and note that C∩(QXQY ) is an open subset of QXQY
which is also dense as it contains u. Then C contains the Richardson orbits
in QX and QY . Let u
′ ∈ C ∩ (QXQY ) such that u
′
∣∣
X
and u′
∣∣
Y
represent the
Richardson orbits in QX and QY respectively.
We have that u and u′ are conjugate whence λ(u) = λ(u′). We also
have that λ(u
∣∣
X
) = (λ1, . . . , λr) = (µ1, . . . , µr) by construction. We have
λ(u′
∣∣
X
) ≥ λ(u
∣∣
X
) since u′
∣∣
X
represents the Richardson orbit (and using
Lemma 3.1(i) ). This, together with the fact that λ(u′) = λ(u) implies that
λ(u′
∣∣
X
) = λ(u
∣∣
X
). Thus λ(u′
∣∣
Y
) = λ(u
∣∣
Y
) and we may assume, for our
purposes, that u = u′.
We have λ(u
∣∣
X
) = (λ1, . . . , λr) and λ(u
∣∣
Y
) = (λr+1, . . . ). Since (λ1, . . . ,
λr) = (µ1, . . . , µr) it suffices to show that (λr+1, . . . ) = (µr+1, . . . ). One may
calculate the parts of the Levi partition of Y using the dimensions of factors
in the flag f ∩ Y . One may verify that Λ(Y ) = (max{ni − r, 0} | 1 ≤ i ≤ s)
if m = 0 and Λ(Y ) = (max{ni − r, 0} | 1 ≤ i ≤ s) ⊕ (m − 1) if m ≥ 1 and
G 6= SO2n+1 and Λ(Y ) = (max{ni − 1, 0} | 1 ≤ i ≤ s) ⊕m if G = SO2n+1
(when G = SO2n+1 then m in Λ corresponds to SO2m+1, but Y is even
dimensional and m− 1 or m in Λ(Y ) corresponds to SO2m−2 or SO2m).
By induction we may apply Theorem 1 to determine the Jordan blocks
of this Levi partition Λ(Y ). By analyzing the cases in Theorem 1, one finds
that they equal µ with the first r rows removed.
Proof 3.4 (Proof of Theorem 1 when G = GLn). Note that µ1 = ℓ = s.
Using Lemma 3.1(ii) it is easy to verify hypotheses (i) and (ii) of Lemma 3.2.
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It remains to prove the existence of g ∈ Q with λ1(g) = µ1. Let X1 be
a one dimensional subspace of W1 and Y1 ≤ W1 such that W1 = X1 ⊕ Y1.
For i ∈ {2, . . . , ℓ} let Xi be an i dimensional subspace of Wi such that
Xi−1 ≤ Xi and let Yi ≤ Wi such that Yi−1 ≤ Yi and Wi = Xi ⊕ Yi. Define
f ∩X to be the flag in X = Xℓ with terms given by the Xi and f ∩ Y to be
the flag in Y = Yℓ with terms given by the Yi. Let PX be the parabolic in
GL(X) of f ∩X, let QX be the unipotent radical of PX and identify QX as a
subgroup of Q. Then PX is a Borel subgroup of GL(X), whence there exists
an element g in QX which has one block of size ℓ = µ1 by Lemma 2.3.
Corollary 3.5. Every unipotent class in GLn is a Richardson class.
This is also proven in [17, II.5.14] and in [8, 5.5].
Proof. If a unipotent class has Jordan blocks given by the partition ν then it
is the Richardson class of any parabolic with Levi partition equal to ν∗.
For the next result we introduce some notation. Let H ≤ J be algebraic
groups and let H act upon J via conjugation. Given a subset O ⊆ J we
denote by O the closure taken within J and by OJ the subset
⋃
g∈J O
g =
{gxg−1 | g ∈ J, x ∈ O}.
Lemma 3.6. Let H ≤ J be algebraic groups and use the notation described
above. Let O1 and O2 be two H-classes in H.
(i) If O1 ⊆ O2 then O
J
1 ⊆ O
J
2 .
(ii) If H has a dense orbit in H ∩ OJ2 , has a single orbit in H ∩ O
J
2 (i.e.
H ∩OJ2 = O2), and O
J
1 is a subset of O
J
2 then O1 ⊆ O2.
(iii) If H has a single orbit in OJ1 (i.e. O
J
1 = O1), has finitely many orbits
in OJ2 , and O
J
1 is a subset of O
J
2 then O1 ⊆ O2.
We refer to conditions (ii) and (iii) as “descending from J to H”.
Proof. Part (i) We have:
OJ1 ⊆
(
O2
)J
=
⋃
g∈J
(
O2
)g
=
⋃
g∈J
Og2 ⊆
⋃
g∈J
Og2 = O
J
2 .
Part (ii) We claim that:
O1 ⊆ H ∩O
J
1 ⊆ H ∩O
J
2 = O2.
The final equality is the one to be proved. Let C denote a dense orbit
of H in H ∩ OJ2 . Then C ⊆ O
J
2 whence C
J ⊆ OJ2 by part (i). On the
Jordan blocks and Bala–Carter 13
other hand, O2 ⊆ C whence O
J
2 ⊆ C
J by (i). Thus OJ2 = C
J whence
C ⊆ H ∩ CJ = H ∩OJ2 = O2 and C = O2.
Part (iii). Denote the H-orbits in OJ2 by O2 = O
g1
2 , O
g2
2 , . . . , O
gb
2 where
g1 = 1 and gi ∈ J −H for i > 1. We have: O1 ⊆ OJ2 = O
g1
2 ∪ · · · ∪O
gb
2 which
implies that O1 ⊆ O
gj
2 for some j. Then O1 = O
gj
−1
1 ⊆
(
O
gj
2
)gj−1
= O2.
Corollary 3.7. Contrary to our usual assumptions, let G ≤ GLn be an
algebraic group, let Cλ and Cµ be two unipotent classes with Jordan blocks
given by the partitions λ and µ.
(i) Suppose that all the unipotent elements in G with Jordan blocks equal
to µ form a single conjugacy class. Then λ < µ if and only if Cλ < Cµ.
(ii) If G = GLn, or G ∈ {Øn,Spn} and p 6= 2, or G ∈ {Øn,Spn} and µ
has no even parts with even multiplicity, or G = SOn with n even and
p 6= 2, then λ < µ if and only if Cλ < Cµ.
Proof. Part (i). By Lemma 3.1(i) we have that Cλ < Cµ implies λ < µ. We
prove the converse first for G = GLn.
Step 1: Since λ ≤ µ we may fix a sequence of partitions λ = λ(0) <
λ(1) < · · · < λ(r) = µ such that for each i we have that λ(i) and λ(i+1)
differ in exactly two places, i.e. there exist exactly two indices j such that
λ
(i)
j 6= λ
(i+1)
j (see [9, p23]). Then by transitivity it suffices to prove that
λ < µ⇒ Cλ < Cµ when λ and µ differ in exactly two places, which we now
assume.
Step 2: Since λ and µ differ in exactly two places, we may find a subgroup
GLn1 GLn2 of G, a unipotent GLn1-class C, two unipotent GLn2-classes C1
and C2 with Cλ and Cµ the extensions to G of CC1 and CC2 respectively
(i.e. the classes C1 and C2 correspond to the two parts where λ and µ differ).
By Lemma 3.6(i) it suffices to show that C1 ≤ C2 (for then CC1 ≤ CC2 and
Cλ = (CC1)
G ≤ (CC2)
G = Cµ).
Step 3. It suffices now to prove the result under the assumption that λ
is a two part partition (whence µ has one or two parts). Then the difference
between µ∗ and λ∗ is that λ∗ has one extra 2 and two fewer 1’s. Let g ∈
Cλ. By Corollary 3.5, we may find flags fλ : 0 < W2 < W3 < . . . and
fµ : 0 < W1 < W2 < W3 < . . . such that fλ and fµ have corresponding
Levi partitions of λ∗ and µ∗, fλ and fµ are identical to the right of W3,
and g represents the Richardson orbit corresponding to fλ (in particular g
acts trivially upon each factor in fλ). Then g is in the unipotent radical
associated with fµ, which in turn is contained in Cµ. Whence, Cλ ⊆ Cµ.
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Now (i) is proven for G = GLn. If G < GLn we may descend to G via
part (ii) of the previous lemma; i.e., apply Lemma 3.6(ii) with H = G and
J = GLn to get λ < µ implies Cλ < Cµ.
Part (ii). This is immediate from part (i) (and the comments in Sec-
tion 2), unless G = SOn with n even, p 6= 2. However, part (i) holds for
Øn and one may descend to SOn by applying Lemma 3.6(iii) with H = SOn
and J = Øn.
The following lemma establishes Lemma 3.2(i),(ii) for the cases where
G 6= GLn. It will also be used in Lemma 3.9 to establish Lemma 3.2(iii).
Lemma 3.8. If G = SO2n+1 let r = 1 and if G ∈ {Sp2n,SO2n} let r = 2.
Recall that ℓ is the number of terms in the natural flag and that the Levi
partition is Λ = (1c(1), 2c(2), . . . ) ⊕ m. Then (µ1, . . . , µr) are listed below.
Furthermore, (λ1, . . . , λr) ≤ (µ1, . . . , µr) and
∑ℓ
i=1min{r,dimWi/Wi−1} =
µ1 + · · ·+ µr.
(i) G = SO2n+1 and p 6= 2. We have µ1 = ℓ.
(ii) G = SO2n and p 6= 2. If m = 0 and c(1) ≥ 1 then (µ1, µ2) = (ℓ−1, ℓ−
2c(1) + 1). Otherwise we have (µ1, µ2) = (ℓ, ℓ− 2c(1)).
(iii) G = SO2n and p = 2. If m = 0 and c(1) ≥ 2 then (µ1, µ2) = (ℓ −
2, ℓ − 2c(1) + 2). If m = 0, c(1) = 1, or m ≥ 1, c(1) ≥ 1 then
(µ1, µ2) = (ℓ−1, ℓ−2c(1)+1). If c(1) = 0 then (µ1, µ2) = (ℓ, ℓ−2c(1)).
(iv) G = Sp2n. If m ≥ 1 and c(1) ≥ 1 then (µ1, µ2) = (ℓ− 1, ℓ− 2c(1)+1).
Otherwise (µ1, µ2) = (ℓ, ℓ− 2c(1)).
Proof. Recall that ψ(Λ) is defined in table 1 and that µ equals ψ(Λ)∗, the
dual of ψ(Λ). Thus µ1 equals the number of parts in ψ(Λ) and µ2 equals
the number of parts in ψ(Λ) which are greater than or equal to 2. It is easy
to verify the stated formulas for µ1 and µ2.
Since
∑ℓ
i=1min{1,dimWi/Wi−1} = ℓ and
∑ℓ
i=1min{2,dimWi/Wi−1} =
2ℓ− 2c(1) we conclude that
∑ℓ
i=1min{r,dimWi/Wi−1} = µ1+ · · ·+µr and
that (λ1, λ2) ≤ (ℓ, ℓ − 2c(1)) (by Lemma 3.1(ii) ). This gives the desired
upper bounds on λ in case (i) or when (µ1, µ2) = (ℓ, ℓ− 2c(1)).
For all the remaining cases we start by proving that one cannot have
λ1 = ℓ, whence (λ1, λ2) ≤ (ℓ− 1, ℓ− 2c(1) + 1). First we assume G = SO2n,
m = 0 (whence ℓ = 2s) and c(1) ≥ 1. If λ1 = ℓ there is a Jordan chain
v1,. . . ,v2s of length 2s = ℓ. Since u acts trivially upon each factor in the flag,
and since the Jordan chain has as many elements as there are terms in the
flag, we see that vs ∈Ws −Ws−1 and vs+1 ∈Ws+1 −Ws. By Lemma 2.1(i)
we have β(vs, vs+1) 6= 0. Let W˜ = 〈vs+1〉
⊥ ∩ Ws. Then W˜ is a totally
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singular (n− 1)-space, whence W˜⊥/W˜ is a nonsingular 2-space. But vs and
vs+1 project to distinct, nontrivial elements in W˜
⊥/W˜ whence u
∣∣
W˜⊥/W˜
is
a nontrivial unipotent element of SO(W˜⊥/W˜ ) = SO(2), a contradiction. In
all other cases where (µ1, µ2) < (ℓ, ℓ − 2c(1)) the parity conditions upon λ
and the fact that λ1 + λ2 ≤ 2ℓ− 2c(1) imply λ1 6= ℓ.
It remains to show that if G = SO2n, m = 0 and c(1) ≥ 2 then (λ1, λ2) ≤
(ℓ − 2, ℓ − 2c(1) + 2). However, we have shown already that (λ1, λ2) ≤
(ℓ− 1, ℓ− 2c(1) + 1) and if λ1 = ℓ− 1 this contradicts the parity conditions
upon λ.
Lemma 3.9. With the usual notation, the following hold and, in particular,
Lemma 3.2(iii) holds, whence Theorem 1 is proven.
(i) Let G = SO2n and p = 2. (i)(a) If Λ = (2
a) then λ = (2a, 2a). (i)(b)
If Λ = (2a, 1) then λ = (2a + 1, 2a + 1). (i)(c) If Λ = (2a, 1b) with
b ≥ 2 then λ = (2a+ 2b− 2, 2a+ 2).
(ii) Let G = SO2n and p 6= 2. (ii)(a) If Λ = (2
a) then λ = (2a, 2a). (ii)(b)
If Λ = (2a, 1b) with b ≥ 1 then λ = (2a+ 2b− 1, 2a+ 1).
(iii) Let G = Sp2n. (iii)(a) If Λ = (2
a) then λ = (2a, 2a). (iii)(b) If
Λ = (2a, 1b) then λ = (2a + 2b, 2a). (iii)(c) If Λ = (2a) ⊕ 1 then
λ = (2a + 1, 2a + 1). (iii)(d) If Λ = (2a, 1b) ⊕ 1 with b ≥ 1 then
λ = (2a+ 2b, 2a+ 2).
We sketch two proofs of parts (i)-(iii). Neither proof seems entirely
satisfactory as each contains a tedious verification of a rather simple fact.
Proof. Sketch of first proof of (i)-(iii). For the following statement, λ and
µ need not have their usual definitions. Let λ and µ be two partitions
and uλ, uµ two unipotent elements with Jordan blocks given by λ and µ
respectively. Suppose µ has two parts. Then we claim that λ < µ implies
dimCG(uλ) ≥ dimCG(uµ) with the inequality strict provided the parts of µ
are nonsingular.
Given the claim, we again let λ and µ have their usual definitions,
whence λ ≤ µ by Lemma 3.8. Let L be the Levi factor of the parabolic
P under discussion. Then Richardson’s Theorem (iii) and the claim show
dimL = dimCG(uλ) ≥ dimCG(uµ). Using the expression for µ in the pre-
vious Lemma, one may check that dimCG(uµ) equals dimL or dimL + 2
with the latter only if both parts of µ are singular. We conclude that both
parts of µ are nonsingular, and that we must have λ = µ.
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(We note that it would be circular to prove the claim by applying Spal-
tenstein’s version of Theorem 2, as this is proven in [17] using the ver-
sion of Theorem 1 which is found there.) To prove the claim directly one
may manipulate the formulas for dimensions of centralizers, though this is
somewhat tedious. In particular, let c be the multiplicity of λ∗1 in λ
∗. If
λ∗1 = 5, or λ
∗
1 = 4, c ≥ 2, or λ
∗
i = 3, c ≥ 4 then one may show that∑
i≥1
(
(λ∗i )
2 − (µ∗i )
2
)
> 2λ∗1 which proves the claim (by examining the for-
mulas for dimensions of centralizers). The remaining cases amount to direct
calculations.
Sketch of second proof of (i)-(iii). There are two cases.
Case 1: µ has two equal parts. We claim that there exists g ∈ Q with
µ = λ(g). Given the claim, and using Lemma 3.1(i) and Lemma 3.8, we
have µ = λ(g) ≤ λ ≤ µ.
To prove the claim let µ = (n, n) where n is the rank of G. The tedious
part of the argument is verifying, inductively, that one may construct, using
roots in Φ(Q), a root base of an An−1 root system. Given this root base, the
group generated by the maximal torus and the root groups corresponding
to Z-linear combinations of this base is isomorphic to GLn. Let g in GLn be
a regular unipotent element written as the product of a nontrivial element
in each root group corresponding to a root in this root base (see [18]). Then
g is in Q and g has two blocks of size n in the natural embedding of GLn in
G.
Case 2: µ has two distinct parts. As stated in Section 2, one sees that
G has a unique unipotent class Cµ with Jordan blocks given by µ. Let
Cλ be the Richardson class of P . By Lemma 3.8 we have λ ≤ µ, and by
Lemma 3.7 we have Cλ ≤ Cµ. One may easily show that dimCµ = dimCλ
whence Cλ = Cµ and λ = µ.
Sketch of proof of 3.2(iii). This proof parallels that given for the case
G = GLn (see Proof 3.4) so we will be brief. Recall that the natural flag f
has terms Wi. We will produce a decomposition of f , by constructing and
decomposing a flag f˜ which is isomorphic to (whence conjugate to) f .
Suppose G = SO2n+1. Let X˜ ≤ V be a nonsingular subspace of dimen-
sion 2s+1 = ℓ. Choose a totally singular flag 0 < X˜1 < · · · < X˜ℓ = X where
dim X˜i = i. This flag corresponds to a Borel subgroup of Cl(X˜) which has
Levi partition Λ(X˜) = (1s). Suppose G ∈ {Sp2n,SO2n}. Let X˜ ≤ V be a
nonsingular subspace of dimension 2ℓ−2c(1). Choose a totally singular flag
0 < X˜1 < · · · < X˜ℓ = X where dimXj =
∑j
i=1min{2,dimWi/Wi−1}. This
flag has Levi partition Λ(X˜) as follows: Ifm = 0 then Λ(X˜) = (2s−c(1), 1c(1));
If m ≥ 1 and G = Sp2n then Λ(X˜) = (2
s−c(1), 1c(1)) ⊕ 1; If m ≥ 1 and
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G = SO2n then (2
s−c(1), 1c(1)+1).
In each case we define Y˜ = X˜⊥ and choose a totally singular flag 0 ≤
Y˜1 ≤ · · · ≤ Y˜ℓ = Y˜ where dimYi = dimWi − dimXi. Define the flag f˜
to have terms 0 < W˜1 < · · · < W˜ℓ = V where W˜i = X˜i ⊕ Y˜i. Since f˜ is
conjugate to f we see that a similar decomposition holds for f which we
express as V = X ⊕ Y , f = (f ∩X)⊕ (f ∩ Y ). The Levi partitions for the
flag f ∩X are the Levi partitions listed for Λ(X˜) above.
Now that f has been decomposed, let PX be the parabolic in Cl(X) and
let QX be its unipotent radical. Then we identify QX as a subgroup of Q.
Let g ∈ QX ≤ Q which represents the Richardson orbit in QX . Then we
may apply parts (i)-(iii) to calculate the Jordan blocks of g. We find that
λ(g) = µ1 if G = SO2n+1 and λ(g) = (µ1, µ2) if G ∈ {SO2n,Sp2n} where µ1
and µ2 are as in Lemma 3.8.
4 Richardson Classes of Distinguished Parabolics
Lemma 4.1. Let G be one of GLn, SO2n+1, SO2n, and Sp2n. Let Ψ denote
the map taking each distinguished parabolic class to the Jordan blocks of
its Richardson class. Then Ψ gives a bijection with the set of partitions
described in table 2.
For p 6= 2, the descriptions in table 2 of the image of Ψ are stated in [2],
but it is not stated there that these partitions equal the Jordan blocks of
the Richardson class.
Proof. If G = GLn, then the only distinguished parabolic is the Borel sub-
group, which corresponds to the regular class.
We give the proof for SO2n and leave the other cases (which are simpler)
to the reader.
Let Λ be the Levi partition of a distinguished parabolic P . Using
the description of distinguished parabolics given in [4] we may write Λ =
(n1, . . . , ns)⊕m = (1
c(1), . . . , (2m)c(2m), (2m+1)c(2m+1))⊕m where we index
the ni such that ns is the largest ni. If m = 0 then ns ∈ {1, 2}; if m ≥ 1
then ns ∈ {2m− 1, 2m} and in all cases c(i) ≥ 1 if and only if 1 ≤ i ≤ ns.
Let ψ be the map defined in Theorem 1. If p 6= 2 andm = 0 then ψ(Λ) =
(12c(1)−2, 22c(2)+1). If p 6= 2 and m ≥ 2 then ψ(Λ) = (12c(1), . . . , (2m −
1)2c(2m−1), (2m)c(2m)+1). If p = 2 andm = 0 then ψ(Λ) = (12c(1)−4, 22c(2)+2).
If p = 2 and m ≥ 2 then ψ(Λ) = (12c(1)−2, 22c(2)+2, . . . , (2m− 1)2c(2m−1)−2,
(2m)2c(2m)+2).
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Table 2: Jordan blocks of distinguished Richardson classes
Image of Ψ
GLn
The partition of n consisting of a single block
G = SO2n+1, p 6= 2
Partitions of 2n+ 1 consisting of distinct odd parts
G = SO2n+1, p = 2
Partitions of 2n+1 of the form 1⊕λ such that: each part of
λ is even; the multiplicity of each part of λ is at most 2; if i
is even then λi − λi+1 ≥ 4.
G = Sp2n
Partitions of 2n consisting of distinct even parts
G = SO2n, p 6= 2
Partitions of 2n consisting of distinct odd parts
G = SO2n, p = 2
Partitions λ of 2n such that: λ has an even number of parts;
each part of λ is even; the multiplicity of each part is at most
2; if i is even with λi+1 6= 0 then λi − λi+1 ≥ 4.
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We have that Ψ(P ) equals ψ(Λ)∗, the dual of ψ(Λ). The formulas for
ψ(Λ) make it clear that Ψ is injective.
Let µ be any partition and let m(i) be the multiplicity of i in the dual
partition µ∗. Then µ consists of distinct parts if and only if µ∗ contains each
integer between 1 and its maximal part. Also, each part of µ is odd if and
only if for each j we have
∑
i≥jm(i) is odd.
If P is given and p 6= 2, the comments just made about µ show that
Ψ(P ) = ψ(Λ)∗ satisfies the properties described in the statement of the
Lemma. In other words, the image of Ψ is in the desired set.
Conversely, let p 6= 2 and let λ be given which satisfies the properties
described in the statement of the Lemma. The comments just made about
µ show that λ∗ can be set equal to an expression of the form given for ψ(Λ),
and then one may solve for c(1), c(2), etc. In other words, Ψ is surjective.
The case for p = 2 may be verified similarly, however the following
alternative description may make the proof easier. Let λ(2) and λ(6=2) be
the Jordan blocks of the Richardson class of a parabolic associated with Λ
when p = 2 and when p 6= 2 respectively. Let λ(6=2) = (λ1, λ2, . . . , λ2ℓ−1, λ2ℓ)
where λ2ℓ−1 or λ2ℓ is the last nonzero part of λ
(6=2). Then λ = (λ1 − 1, λ2 +
1, . . . , λ2ℓ−1 − 1, λ2ℓ + 1). This description may be verified directly from
the formulas for ψ(Λ) (Spaltenstein [17, III.7.2,III.8.2] defines a similar map
for the Jordan blocks of all unipotent classes; note there is a typographical
mistake in the formula for SO2n+1).
Given λ = ψ(Λ)∗, it remains to prove that λ is nonsingular. For those
cases where λ has distinct parts this follows from Lemma 2.1. In the remain-
ing cases we have that G is orthogonal and p = 2. By Richardson’s Theorem
(iii) we know dimL = dimCG(u) where L is the Levi subgroup determined
by Λ and u is an element of the Richardson class in G. It is now easy to
finish the proof by using Spaltenstein’s expression for dimCG(u) described
in Remarks 2.2.
Corollary 4.2. Let G be a simple algebraic group and consider the map
which takes each distinguished parabolic class to its Richardson class. This
map is injective.
Proof. For the classical groups this follows from the previous lemma. For the
exceptional groups, we observe that no two distinct distinguished parabolics
have the same dimension of Levi factor. By Theorem 1 (iii) the dimension
of the Levi factor equals the dimension of the centralizer of an element in
the unipotent class, whence the result follows by dimension.
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5 Proof of the Bala-Carter-Pommerening Theo-
rem
Throughout this section, G denotes a connected reductive group, unless
indicated otherwise.
Lemma 5.1. (i) Let S be a torus in G. Then L = CG(S) is a Levi
subgroup.
(ii) If u is a unipotent element and S a maximal torus of CG(u) then u is
distinguished in L = CG(S). Furthermore, any Levi subgroup in which
u is distinguished is conjugate to L via an element of CG(u)
◦.
Proof. For part (i) one may adapt [4, 5.9.2]. For part (ii) one may adapt [4,
5.9.3].
Corollary 5.2. Define a map from G-classes of pairs (L,C) consisting of a
Levi subgroup L of G and a distinguished unipotent L-class C to unipotent
G-classes by extending C. This map gives a bijection.
Lemma 5.3. Let P be a distinguished parabolic of G. Let G = G/Z(G),
P = P/Z(G), let Q be the unipotent radical of P and let u represent the
dense orbit of P upon its unipotent radical Q. Then C
G
(u)◦ = C
P
(u)◦ =
C
Q
(u)◦. In particular the Richardson class of P is distinguished in G.
Proof. It is easy to reduce to the case Z(G) = 1 and adapt the proof given
in [4, 5.8.7].
Proof 5.4 (Proof of Theorem 3). Part (i). This is by definition of the
map ψ.
Part (ii). We have ψ(L,P ) = C and u ∈ C∩L. LetM ≤ L be a minimal
Levi subgroup containing u. We wish to show that L =M . By definition, C
is obtained by extending to G the Richardson class in L of P . If v ∈ L repre-
sents this Richardson class in L then v is distinguished in L by Lemma 5.3.
Since u is conjugate to v (in G) we have rankCG(u) = rankCG(v). By
Lemma 5.1 we have dimZ(M) = rankCG(u) = rankCG(v) = dimZ(L)
whence L =M .
Part (iii). Corollary 4.2 shows that ψ, restricted to those pairs where
L = G, is injective and part (ii) shows that the image of this restriction is
a subset of the distinguished classes of G. Then Corollary 5.2 shows that ψ
defined on all of BC-pairs(G) is injective.
For surjectivity, we have two cases. If G is a classical group, we use the
description of distinguished unipotent classes in [17, II.7.10] or [5] and apply
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Lemma 4.1 to see that ψ, applied to those pairs (L,P ) where L = G, has
image equal to all the distinguished classes of G. Then Corollary 5.2 shows
that ψ is surjective. If G is exceptional it is simpler to count all pairs (L,P )
and compare this to the number of unipotent classes in G as found in [10],
which draws on [11], [12], [15], [16], [21].
References
[1] Azad, H.; Barry, M.; Seitz, G. On the Structure of Parabolic Subgroups.
Comm. Algebra 1990, 18 (2), 551-562.
[2] Bala, P.; Carter, R. W. Classes of Unipotent Elements in Simple Alge-
braic Groups I. Math. Proc. Cambridge Phil. Soc. 1976, 79, 401-425.
Classes of Unipotent Elements in Simple Algebraic Groups II. Math.
Proc. Cambridge Phil. Soc. 1976, 80, 1-17.
[3] Bourbaki, N. Groupes et Alge´bres de Lie, IV, V, VI ; Hermann: Paris,
1968; Masson: Paris, 1981.
[4] Carter, R. Finite Groups of Lie Type: Conjugacy Classes and Complex
Characters; Wiley: New York, 1985.
[5] Duckworth, W. E. Describing Unipotent Classes in Alge-
braic Groups Using Subgroups. In preparation, available at
www.math.rutgers.edu/~duck and www.arxive.org .
[6] Gerstenhaber, M. Dominance Over the Classical Groups. Annals of
Math. 1961, 74, 532-569.
[7] Hesselink, W. Singularities in the Nilpotent Scheme of a Classical
Group. Trans. Amer. Math. Soc. 1976, 222, 1-32.
[8] Humphreys, J. Conjugacy Classes in Semisimple Algebraic Groups;
Math. Survey Monographs 43; Amer. Math. Soc.: Providence, Rhode
Island, 1995.
[9] James, G.; Kerber, A. The Representation Theory of the Symmetric
Group; Encyc. of Math. and its Appl. 16; Addison-Wesley: Reading,
Massachusetts, 1981.
[10] Lawther, R. Jordan Block Sizes of Unipotent Elements in Exceptional
Algebraic Groups. Comm. Algebra 1995, 23 (11), 4125-4156.
Jordan blocks and Bala–Carter 22
[11] Mizuno, K. The conjugate classes of Chevalley groups of type E6. Jour-
nal of Faculty of Science Univ. Tokyo 1997 24, 525-563.
[12] Mizuno, K. The Conjugate Classes of Unipotent Elements of the
Chevalley Groups E7 and E8. Tokyo Journal of Math. 1980, 3, 391-461.
[13] Pommerening, K. U¨ber die Unipotenten Klassen Reduktiver Gruppen.
J. Algebra 1977, 49 525-536. U¨ber die Unipotenten Klassen Reduktiver
Gruppen II. J. Algebra 1980, 65, 373-398.
[14] Richardson, R.W. Conjugacy Classes in Parabolic Subgroups of
Semisimple Algebraic Groups. Bull. London Math. Soc. 1974, 6, 21-
24.
[15] Shinoda, K. The Conjugacy Classes of Chevalley Groupes of Type (F4)
Over Finite Fields of Characteristic 2. Journal of Faculty of Science
Univ. Tokyo 1974, 21, 133-159.
[16] Shoji, T. The Conjugacy Classes of Chevalley Groups of Type (F4) Over
Finite Fields of Characteristic p 6= 2. Journal of Faculty of Science Univ.
Tokyo 1974, 21, 1-17.
[17] Spaltenstein, N. Classes Unipotentes et Sous-groupes de Borel ; Lecture
Notes in Math. 946; Springer-Verlag: New York, 1982.
[18] Steinberg, R. Regular Elements of Semisimple Algebraic Groups. Publ.
Sci. I.H.E.S. 1965, 25, 49-80. Also in [20].
[19] Steinberg, R. On the Desingularization of the Unipotent Variety. Invent.
Math. 1976, 36, 209-224. Also in [20].
[20] Steinberg, R. Robert Steinberg, Collected Papers; Amer. Math. Soc.:
Providence, Rhode Island, 1997.
[21] Stuhler, U. Unipotente und Nilpotente Klassen in Einfachen Gruppen
und Lie Algebren vom Typ G2. Indag. Math. 1971, 33, 365-278.
